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Abstract
Bekenstein proved that in Einstein’s gravity minimally coupled to one (or many) real, Abelian, Proca
field, stationary black holes (BHs) cannot have Proca hair. Dropping Bekenstein’s assumption that
matter inherits spacetime symmetries, we show this model admits asymptotically flat, stationary, axi-
symmetric, regular on and outside an event horizon BHs with Proca hair, for an even number of real (or
an arbitrary number of complex) Proca fields. To establish it, we start by showing that a test, complex
Proca field can form bound states, with real frequency, around Kerr BHs: stationary Proca clouds.
These states exist at the threshold of superradiance. It was conjectured in [1, 2], that the existence of
such clouds at the linear level implies the existence of a new family of BH solutions at the non-linear level.
We confirm this expectation and explicitly construct examples of such Kerr black holes with Proca hair
(KBHsPH). For a single complex Proca field, these BHs form a countable number of families with three
continuous parameters (ADM mass, ADM angular momentum and Noether charge). They branch off
from the Kerr solutions that can support stationary Proca clouds and reduce to Proca stars [3] when the
horizon size vanishes. We present the domain of existence of one family of KBHsPH, as well as its phase
space in terms of ADM quantities. Some physical properties of the solutions are discussed; in particular,
and in contrast with Kerr BHs with scalar hair, some spacetime regions can be counter-rotating with
respect to the horizon. We further establish a no-Proca-hair theorem for static, spherically symmetric
BHs but allowing the complex Proca field to have a harmonic time dependence, which shows BHs with
Proca hair in this model require rotation and have no static limit. KBHsPH are also disconnected from
Kerr-Newman BHs with a real, massless vector field.
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1 Introduction
In vacuum General Relativity (GR) black holes (BH) are remarkably simple. The Carter-Robinson the-
orem [4, 5], supplemented by the rigidity theorem [6, 7], established that asymptotically flat, stationary,
non-singular (on and outside an event horizon) vacuum BHs of GR have only two degrees of freedom –
see [8] for a review.
The most general BH solution in this context is the Kerr metric [9] and the two degrees of freedom are
the ADM mass, M , and angular momentum, J , both of which can be determined by an observer at infinity.
The natural question of how this result generalizes in the presence of matter led to the no-hair hy-
pothesis [10]: regardless of the matter involved, the end-point of gravitational collapse – in GR and in an
astrophysical context – is characterized solely by conserved charges associated to Gauss laws, including M,J ,
and no further parameters (hair). Thus, an observer at infinity should be able to fully compute all relevant
“charges” of an equilibrium BH.
Evidence in favour of this hypothesis has been presented in terms of no-hair theorems for particular
matter models in GR. A collection of such theorems for the much studied case of scalar matter can be found
in the recent review [11]. Of relevance for the present paper, Bekenstein established a no-Proca hair theorem
for stationary BH solutions of Einstein’s gravity minimally coupled to one (or more) real, Abelian Proca
field [12,13], which will be reviewed in Section 3.1.
Evidence against the no-hair hypothesis in asymptotically flat spacetimes, on the other hand, has been
presented in the form of hairy BH solutions, starting with the pioneering examples in Yang-Mills theory [14]
(see also the reviews [11, 15–17]). Such counter-examples, however, typically either 1) violate some energy
condition (e.g. [18–22]); or 2) have non-minimal couplings between matter and geometry (e.g. [23–28]); or
3) have non-canonical/non-linear kinetic terms (e.g. [29–32]); or 4) the hair is not independent of other
fields, such as an electromagnetic field (secondary hair, e.g. [33, 34]); or 5) involve higher curvature terms
(e.g [35–42]); or 6) several of the above. It is unclear, moreover, if any of these counter-examples violates
the dynamical spirit of the no-hair hypothesis; that is, if there are dynamically stable hairy BHs that can
be the end-point (or be sufficiently long lived) in a dynamical evolution.
In a qualitatively novel development, a class of BH solutions with scalar hair was found in 2014 bifurcating
from the Kerr metric [1]: Kerr BHs with scalar hair (KBHsSH). These are solutions of the simple model
S =
∫
d4x
√−g
[
R
16piG
− g
αβ
2
(
Ψ∗, αΨ, β + Ψ
∗
, βΨ, α
)− µ2Ψ∗Ψ] , (1.1)
that 1) obey all energy conditions; 2) have minimal couplings with the geometry; 3) have canonical kinetic
terms; 4) have an independent (primary) hair; 5) exist in GR, without higher curvature terms. KBHsSH,
moreover, are asymptotically flat, regular on and outside the event horizon, reduce to (specific) Kerr solutions
in the limit of vanishing hair, and to gravitating solitons known as boson stars [43,44] in the limit of vanishing
horizon. The scalar hair is described by an independent conserved Noether charge but without an associated
Gauss law. Thus, an observer at infinity cannot determine this charge – which must be computed by a
volume integral – and hence does not have access to all the relevant spacetime charges.
The matter content for the original example in [1] (see also [45]) was a massive complex scalar field,
cf. (1.1). In GR minimally coupled to this type of matter the Kerr BH is a solution, together with a
vanishing scalar field, but it is unstable against superradiance [46–48]. At the threshold of the instability,
there are bound states of the scalar field on the Kerr background, found in a test field analysis, corresponding
to linear hair. The existence of these stationary scalar clouds [1, 49–54] determines the bifurcation point of
the hairy solutions from vacuum Kerr. Moreover, since the latter solution is unstable against superradiant
scalar perturbations, there is an expectation that the BHs of [1] play a role in the non-linear development of
the instability and can effectively form dynamically, thus providing a true counter-example to the physical
implications of the no-hair hypothesis – see [55, 56] for recent discussions of the non-linear development of
superradiant instabilities into hairy BHs.
The connection between KBHsSH and superradiance led to the suggestion that, underlying the example
of KBHsSH, there is a more general mechanism [1,2] (see also [11,45]):
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Conjecture:
1) If a “hairless” stationary BH spacetime (M0,g0) is afflicted by superradiant instabilities triggered by a
given test field F ;
2) If the field modes at the threshold of the instability (zero modes), Ft, yield an energy-momentum tensor
T (Ft,Ft) which is time-independent LkT (Ft,Ft) = 0, where k is the time-like Killing vector field (at
infinity) that preserves the metric Lkg0 = 0;
Then: there is a new family of stationary BH “hairy solutions” bifurcating from (M0,g0), denoted by
(MF ,gF ). Actually, (MF ,gF ) may be a countable set of families.
In the case of KBHsSH, one encounters a family with three continuous and two discrete degrees of freedom.
The former are the ADM mass and angular momentum (M,J) and the Noether charge Q; the latter, which
define a countable set of families, are the node number, n ∈ N0 and the azimuthal harmonic index, m ∈ Z
of the scalar field. A formal proof of the existence of these solutions was recently reported in [57]. KBHsSH
were generalized to include self-interactions of the scalar field in [58] and to scalar-tensor gravity in [59].
As further evidence for the above conjecture we consider, in this paper, Einstein’s gravity minimally
coupled to Abelian Proca fields, hereafter referred simply as Proca fields1. Massive Proca fields trigger, in
much the same way as massive scalar fields, superradiant instabilities of Kerr BHs – see [60–62] for recent
studies of Proca-induced superradiant instabilities in asymptotically flat BHs. Firstly, we shall perform a
test field analysis of a Proca field on the Kerr background. We observe that, at the threshold of the unstable
modes, one can find stationary Proca clouds. If the Proca field is complex, moreover, the energy-momentum
tensor sourced by these stationary clouds is time-independent. Hence, we are in the conditions of the above
conjecture. Secondly, we address the fully non-linear system of a complex-Proca field minimally coupled
to GR and construct stationary BH solutions which are the non-linear realization of the aforementioned
stationary Proca clouds: Kerr BHs with Proca hair (KBHsPH). When the horizon of these BHs vanishes,
the solutions reduce to the rotating Proca stars recently constructed in [3]. These are vector boson stars
which share many of the properties of the scalar boson stars that have been studied for decades [43,44].
The introduction of the mass term for the vector fields is central for the existence of KBHsPH, since it is
crucial for both the existence of the stationary Proca clouds and Proca stars. In the (Proca field) massless
limit these BHs trivialize; they are not connected to Kerr-Newman BHs. The presence of such mass terms
implies that there is no Gauss law associated to the vector field; massive fields have no Gauss law since
there is no flux conservation. Indeed, in asymptotically flat spacetimes, a massive field which decays towards
spatial infinity will do so exponentially. Thus, the integral of its flux density over a sphere at infinity will
necessarily vanish.
This does not mean, however, that massive fields cannot be locally conserved. Both the complex Proca
field and the complex, massive scalar field enjoy a U(1) global symmetry which implies a conserved current
and a conserved Noether charge. There is a local continuity equation, but no Gauss law. Thus, according to
the no-hair hypothesis there should be no Proca hair around stationary BHs. Here, however, we show that
there can be. And again, an observer at infinity does not have access to all relevant spacetime charges.
This paper is organized as follows. In Section 2 we exhibit the Einstein–complex-Proca model and its
basic properties. In Section 3 we review the classic no-Proca-hair theorem by Bekenstein [12, 13] and also
present a novel no-Proca-hair theorem applying to spherically symmetric solutions and allowing the Proca
field to have a harmonic time dependence. The latter is a generalization of the theorem presented in [64]
for the scalar case and it establishes that rotation is crucial for the existence of KBHsPH. In Section 4
we consider the construction of stationary Proca clouds around Kerr and obtain one existence line for a
particular set of “quantum” numbers. In Section 5 we shall briefly review some of the main features of Proca
1Gravitating non-Abelian (SU(2)) Proca fields have been studied in [63], wherein spherically symmetric solitons and BHs
have been discussed. The properties of these solutions are rather distinct from the solutions discussed in this paper and,
moreover, the former have not been generalized to include rotation.
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stars, that form a limiting case of KBHsPH, and discuss some of their physical properties in the rotating
case. In Section 6 we finally construct KBHsPH, discussing the ansatz, boundary conditions and solving
numerically the field equations. Then we exhibit the domain of existence and phase space of one family
of solutions, we discuss the Proca energy spacetime distribution and some other physical features of these
BHs. We close with a discussion of the results of this paper and some of the open directions for future
related research. In the Appendices we provide some technical results, including the explicit expression for
the Einstein tensor, Proca energy-momentum tensor and Proca field equations.
2 Einstein–complex-Proca model
The field equations for a massive vector field were introduced by A. Proca [65] in the 1930s. Much more
recently, gravitating Proca fields have been discussed by various authors – see e.g. [66–68]. Here, we shall
consider two real Proca fields, both with mass µ, but our discussion can be easily generalized to an arbitrary
even number of real Proca fields (or an arbitrary number of complex ones). The two fields are described by
the potential 1-forms A(i), i = 1, 2, and field strengths F (i) = dA(i). It is convenient to organize them into
a single complex Proca field:
A = A(1) + iA(2) , F = F (1) + iF (2) . (2.1)
We denote the complex conjugate by an overbar,
A¯ = A(1) − iA(2) , F¯ = F (1) − iF (2) . (2.2)
Considering that the two Proca fields do not couple to each other and couple minimally to gravity, one
obtains the minimal Einstein–complex-Proca model, which is described by the action:
S =
∫
d4x
√−g
(
1
16piG
R− 1
4
FαβF¯αβ − 1
2
µ2AαA¯α
)
. (2.3)
This (or its version with Aα real) is the action considered by previous studies of the Einstein-Proca model,
see e.g. refs. [66, 69].2
Varying (2.3) w.r.t. the potential Aα yields the Proca field equations
∇αFαβ = µ2Aβ . (2.4)
Observe that these equations completely determine Aβ once Fαβ is known. Thus, the Proca potential is not
subject to gauge transformations, unlike the Maxwell potential, and it is as physical as the field strength.
In particular (2.4) imply the Lorentz condition, thus a dynamical requirement, rather than a gauge choice:
∇αAα = 0 . (2.5)
As usual, the Einstein equations are found by taking the variation of (2.3) w.r.t. the metric tensor gαβ
Rαβ − 1
2
Rgαβ = 8piGTαβ , (2.6)
where the energy-momentum tensor reads:
Tαβ =
1
2
(FασF¯βγ + F¯ασFβγ)gσγ − 1
4
gαβFστ F¯στ + 1
2
µ2
[AαA¯β + A¯αAβ − gαβAσA¯σ] . (2.7)
The action possesses a global U(1) symmetry, since it is invariant under the transformation Aβ → eiχAβ ,
with χ constant; this implies the existence of a 4-current,
jα =
i
2
[F¯αβAβ −FαβA¯β] , (2.8)
2We remark that these works did not succeed in finding regular particle-like solutions or BHs with Proca hair.
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which is conserved by virtue of the field equations (2.4): ∇αjα = 0. Consequently, there exists a Noether
charge, Q, obtained integrating the temporal component of the 4-current on a space-like slice Σ:
Q =
∫
Σ
d3xj0 . (2.9)
We emphasize that unlike the massless limit of the theory, wherein the global symmetry becomes local, the
last integral cannot be converted into a surface integral. In other words, there is no Gauss law.
3 No Proca-hair theorems
If one considers Maxwell’s equations for a test field with a spherically symmetric ansatz (a purely radial
electric field) on the Schwarzschild background one finds a regular solution on and outside the Schwarzschild
horizon (cf. Section 2.1 in [11]). This is a smoking gun that a spherically symmetric field can be added, non-
linearly, to the Schwarzschild solution, which indeed yields the well-known Reissner-Nordstro¨m BH. Adding
a mass term to the Maxwell field – hence converting it into a Proca field – drastically alters the behaviour of
the test field solution: it is not possible to find a solution which is both finite at the horizon and at spatial
infinity, no matter how small µ is. In particular, for the asymptotically (exponentially) decaying solution,
the Proca potential squared diverges at the horizon [70] - see Section 3.2. Thus, requiring any amount of
Proca field in equilibrium outside the horizon implies an infinite pile up of Proca invariants at the horizon.
This behaviour parallels that of a scalar field (massless or massive) discussed in [11] and it is intimately
connected with the existence/absence of a Gauss law for the Maxwell/Proca field. Moreover, it shows one
cannot find a regular, spherically symmetric BH solution with Proca (time-independent) hair bifurcating
from the Schwarzschild solution.
We shall review in Section 3.1 a more robust argument for the inexistence of stationary BHs with Proca
hair, due to Bekenstein [12, 13], and that applies to our model (2.3). A fundamental assumption in the
argument is that the Proca field and the background share the same symmetries. This symmetry inheritance
of the spacetime symmetries by the matter fields is precisely the assumption that the KBHsPH presented
later in this paper will violate. Then, in Section 3.2, we show that even dropping the symmetry inheritance
assumption one can establish a no-hair theorem, for spherically symmetric BHs. This is compatible with the
KBHsPH solutions presented here, which are stationary and axi-symmetric, and shows that these solutions
cannot have a static limit. This fact is in agreement with the domain of existence of KBHsPH, cf. Section 6.2.
3.1 Bekenstein’s theorem
Following Bekenstein [12, 13], we consider a rotating, stationary, asymptotically flat BH spacetime. For
matter obeying the null energy condition, the rigidity theorem implies that the spacetime is also axi-
symmetric [6]. We write the spacetime metric in coordinates adapted to these symmetries (t, r, θ, φ), so
that the two Killing vector fields read k = ∂t, m = ∂φ.
For simplicity we consider the Proca field to be real. But the proof generalizes straightforwardly for an
arbitrary number of real Proca fields, and in particular for a complex Proca field. We denote the real Proca
potential and field strength as Aα and Fαβ , respectively. We assume that this field inherits the spacetime
symmetries. In particular for the coordinates chosen above this means that:
LkAα = LmAα = 0 = LkFαβ = LmFαβ . (3.1)
The proof proceeds as follows. We contract the Proca equation ∇αFαβ = µ2Aβ with Aβ and integrate
over the BH exterior space-time: ∫
d4x
√−g [Aβ∇αFαβ − µ2AβAβ] = 0 . (3.2)
Next, integrating the first term by parts:∫
d4x
√−g
[
FαβF
αβ
2
+ µ2AβA
β
]
−
∫
H
d3σnαAβF
β
α = 0 , (3.3)
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where the boundary term is computed on the (spatial section of the) horizon, H, and the other boundary
term (at infinity) vanishes since the Proca field falls off exponentially fast.
Now we argue that the boundary term in (3.3) is zero. To do so, we first observe that defining bα ≡ AβF βα ,
then bt = 0 = bφ. This results from the symmetries imposed, which imply Ar = Aθ = Frθ = Ftφ = 0.
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Since, the event horizon of a stationary, asymptotically flat spacetime is a Killing horizon, the normal to H,
nα, is a linear combination of the Killing vector fields. Then nαAβF
β
α = 0. We conclude that
4∫
d4x
√−g
[
FαβF
αβ
2
+ µ2AβA
β
]
= 0 . (3.4)
Contrary to the scalar field case (see e.g. [11]) this integrand is not positive definite. Thus, a fur-
ther argument is necessary, which can be constructed by using an orthonormal basis, which we denote as
{et, er, eθ, eφ}. Flat (underlined) indices are raised and lowered with the standard Cartesian Minkowski
metric. Taking into account the allowed components by symmetry of the Proca potential and field strength,
(3.4) becomes:∫
d4x
√−g [(Ftr)2 + (Ftθ)2 + (At)2]= ∫ d4x√−g [(Fφr)2 + (Fφθ)2 + (Aφ)2] . (3.5)
Analysing the time-reversal invariance of the Proca equation, shows that {Ftr, Ftθ, At} are even, whereas
{Fφr, Fφθ, Aφ} are odd, under time-reversal. Thus, expanding the Proca potential and field strength in a
power series of the angular momentum of the background, the first (second) set of field/potential components
contains only even (odd) powers. The zeroth order terms only get contributions from the left hand side of
(3.5); since the corresponding integrand is strictly positive and the integral is zero, the zeroth order terms
must vanish. Then, the first order terms only get contributions from the right hand side of (3.5); since the
corresponding integrand is strictly positive and the integral is zero, the first order terms must vanish. In
this way one shows iteratively that the Proca field/potential must vanish, and hence there is no Proca hair.
Observe that this theorem did not use the Einstein equations.
A different proof of the no Proca-hair theorem, possibly including a cosmological constant and making
use of the Einstein equations, has been given in [71].
3.2 A modified Pen˜a–Sudarsky theorem
The theorem of the previous subsection relied on the symmetry inheritance of the spacetime isometries by
the Proca field. In particular the stationarity of the geometry implied a time-independence of the Proca
potential/field. Recently, however, gravitating solitons composed by self-gravitating Proca fields were found
by allowing the complex Proca field to have a harmonic time dependence: Proca stars [3]. This time-
dependence vanishes at the level of the energy momentum tensor and it is therefore compatible with a
stationary geometry (see [72] for recent discussions of symmetry inheritance). Thus one may wonder if
allowing the Proca field to have such harmonic time dependence allows for BHs with Proca hair.
The situation just described parallels closely the well-known picture for complex scalar fields. The
existence of scalar boson stars led Pen˜a and Sudarsky to consider the possibility of spherically symmetric
BH geometries with a scalar field possessing a harmonic time dependence. In this setup it was possible
to establish a no-scalar-hair theorem, ruling out BHs with scalar hair even if the hair has such harmonic
time-dependence [64]. In the following we shall establish a no-Proca-hair theorem, allowing the complex
Proca field to have a harmonic time dependence, for the case of spherical symmetry, by using a modified
version of the arguments in [64].
We consider a spherically symmetric line element with the parametrization (see e.g. [3]):
ds2 = −σ2(r)N(r)dt2 + dr
2
N(r)
+ r2dΩ2 , N(r) ≡ 1− 2m(r)
r
. (3.6)
3Ftφ = 0 follows immediately from (3.1). Non-vanishing Ar, Aθ, Frθ would imply non vanishing components Ttr and Ttθ of
the energy momentum tensor (2.7), which are incompatible with the symmetries of the problem.
4We are implicitly assuming that d3σ and Aα, Fαβ are finite on H. This assumption actually breaks down for the massless
case (Maxwell field) due to gauge invariance.
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The Ansatz we consider for the complex Proca potential is also the one introduced in [3] for discussing
spherical Proca stars and it is the most general one compatible with spherical symmetry and staticity:
A = e−iwt [f(r)dt+ ig(r)dr] . (3.7)
In the above relations, σ(r),m(r), f(r), g(r) are all real functions of the radial coordinate only and w is the
frequency parameter, which we take to be positive without any loss of generality.
The Proca field equations (2.4) yield
d
dr
{
r2[f ′(r)− wg(r)]
σ(r)
}
=
µ2r2f(r)
σ(r)N(r)
, (3.8)
and
f ′(r) = wg(r)
(
1− µ
2σ2(r)N(r)
w2
)
, (3.9)
where “prime” denotes radial derivative. The Lorentz condition, (2.5), determines f(r) in terms of the other
functions:
f(r) = −σ(r)N(r)
wr2
d
dr
[
r2σ(r)N(r)g(r)
]
; (3.10)
this can be rewritten as
d
dr
[
r2σ(r)N(r)g(r)
]
= − wr
2f(r)
σ(r)N(r)
. (3.11)
Observe that (3.8)-(3.9) imply (3.11), as they should. The essential Einstein equations, (2.6), read (there is
a further Einstein equation which is a differential consequence of these)
m′ = 4piGr2
[
(f ′ − wg)2
2σ2
+
1
2
µ2
(
g2N +
f2
Nσ2
)]
,
σ′
σ
= 4piGrµ2
(
g2 +
f2
N2σ2
)
. (3.12)
We also note that the T tt component of the energy-momentum tensor – the energy density – reads
− T tt =
(f ′ − wg)2
2σ2
+
1
2
µ2
(
g2N +
f2
Nσ2
)
. (3.13)
To establish the no-Proca-hair theorem, let us assume the existence of a regular BH solution of the above
equations. Then the geometry would possess a non-extremal horizon at, say, r = rH > 0, which requires
that
N(rH) = 0 , (3.14)
since r = rH is a null surface. Since we are assuming that there are no more exterior horizons, then
r > rH =constant are timelike surfaces and N
′(rH) > 0. Also, we can choose without loss of generality
that σ(rH) > 0, since the equations of motion are invariant under σ → −σ. It follows that N(r) and σ(r)
are strictly positive functions for any r > rH , as a consequence of the Einstein equations (3.12) and the
assumption that there are no further more exterior horizons.
The regularity of the horizon implies that the energy density of the Proca field is finite there. From
(3.13) one can see that this implies
f(rH) = 0 . (3.15)
Then the function f(r) starts from zero at the horizon and remains strictly positive (or negative) for some
r-interval. Now, let us assume f ′(r) > 0 for rH < r < r1. Thus f(r), in this interval, is a strictly increasing
(and positive) function (the case f ′(r) < 0 can be discussed in a similar way).
Next, we consider the expression (which appears in (3.9))
P (r) ≡ 1− µ
2σ2(r)N(r)
w2
. (3.16)
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One can see that P (rH) = 1; actually P becomes negative for large r, since N → 1, σ → 1 as r →∞, while
µ > w, which is a bound state condition necessary for an exponential decay of the Proca field at infinity.
But the important point is the existence of an r−interval rH < r < r2 where P is a strictly positive function.
Let rc be the minimum between r1 and r2. Then we observe that (3.11) implies
r2σ(r)N(r)g(r) = −w
∫ r
rH
dx
x2
σ(x)N(x)
f(x) < 0 (3.17)
for any r in the interval rH < r < rc. Consequently, g(r) < 0 in this interval, since σ,N are positive
everywhere outside the horizon.
The last conclusion implies a contradiction: g(r) < 0 is not compatible with f ′(r) > 0, in that interval.
In fact, f ′(r) > 0 together with P > 0 and w > 0, from (3.9), that g(r) > 0. Thus we conclude that
f(r) = g(r) = 0 is the only solution compatible with a BH geometry (q.e.d.).
One final observation concerning static fields (w = 0). In such cases, one has only an electric potential,
g(r) = 0. Then, the Proca equations on a Schwarzschild background – i.e. taking the line element (3.6) with
σ(r) = 1, N(r) = 1− 2M/r, – can be solved in closed form by taking the ansatz [70]
f(r) =
e−µr
r
S(r) , (3.18)
where S(r) is a solution of the Kummer equation [73]
z
d2S(z)
dz2
− z dS(z)
dz
−MµS(z) = 0 , with z ≡ 2µ(r − 2M) . (3.19)
This equation possesses a solution which is regular on and outside the horizon. In particular, S(z) takes
a constant nonzero value at z = 0 (i.e. r = 2M). This implies, however, that the invariant AµA
µ =
−f2(r)/(1− 2M/r) diverges at the horizon.
4 Stationary Proca clouds around Kerr
The theorem of subsection 3.2 leaves open the possibility that stationary (rather than static and spherically
symmetric) BHs with Proca hair, possessing a harmonic time dependence, may exist. There is, moreover,
a new physical ingredient in the stationary case which, indeed, makes their existence not only possible, but
also natural: superradiance.
Sufficiently low frequency modes of a test Proca field, are amplified when scattering off a co-rotating
Kerr BH, by extracting rotational energy and angular momentum from the BH, in a purely classical process.
This process was studied in the slow rotation limit of Kerr in [60,61], where it was used for placing bounds
on the photon mass. Sufficiently high frequency modes, on the other hand (or any non-co-rotating mode),
are partly absorbed in a similar scattering.
The same two behaviours occur for gravitationally bound modes, with frequency lower than the Proca
mass. These modes are generically quasi-bound states, i.e they have a complex frequency. Then, the amplified
modes become an instability of the background. Moreover, at the threshold between the two behaviours
(growing and decaying modes), one finds bound states with a real frequency, which we dub stationary Proca
clouds around Kerr BHs. We shall now sketch the study of the Proca bound states around Kerr BHs in
a way suitable for the computation of KBHsPH. A more detailed account of stationary Proca clouds will
appear elsewhere.
We use the parametrization of the Kerr metric introduced in [45]:
ds2 = −e2F0Ndt2 + e2F1
(
dr2
N
+ r2dθ2
)
+ e2F2r2 sin2 θ (dϕ−Wdt)2 , (4.1)
where
N ≡ 1− rH
r
, (4.2)
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and Fi,W are functions of the spheroidal coordinates (r, θ), which read, explicitly,
5
e2F1 =
(
1 +
b
r
)2
+ b(b+ rH)
cos2 θ
r2
,
e2F2 = e−2F1

[(
1 +
b
r
)2
+
b(b+ rH)
r2
]2
− b(b+ rH)
(
1− rH
r
) sin2 θ
r2
 ,
F0 = −F2 ,
W = e−2(F1+F2)
√
b(b+ rH)(rH + 2b)
(1 + br )
r3
. (4.3)
The relation between these coordinates (t, r, θ, ϕ) and the standard Boyer-Lindquist coordinates (t, R, θ, ϕ)
is simply a radial shift:
r = R− a
2
RH
, (4.4)
where RH is the event horizon Boyer-Lindquist radial coordinate, RH ≡ M +
√
M2 − a2, for a Kerr BH
with mass M and angular momentum J = aM . In the new coordinate system (t, r, θ, ϕ), the Kerr solution
is parameterized by rH and b, which relate to the Boyer-Lindquist parameters as
rH = RH − a
2
RH
, b =
a2
RH
. (4.5)
Clearly, rH fixes the event horizon radius; b is a spheroidal prolateness parameter (see Appendix A), and
can be taken as a measure of non-staticity, since b = 0 yields the Schwarzschild limit.
The ADM mass, ADM angular momentum and horizon angular velocity read, in terms of the parameters
rH , b (we set G = 1 = c)
M = 12 (rH + 2b) , J =
1
2
√
b(b+ rH)(rH + 2b) , ΩH =
1
rH + 2b
√
b
rH + b
. (4.6)
The choice rH = −2b 6= 0 yields Minkowski spacetime expressed in spheroidal prolate coordinates (Appendix
A). Extremality occurs when rH = 0.
One considers the Proca field equations (2.4) on the background (4.1), using an ansatz given in terms of
four functions (Hi, V ), all of which depends on r, θ, and with a harmonic time and azimuthal dependence,
which introduce a (positive) frequency, w > 0, and the azimuthal harmonic index, m ∈ Z:6
A = ei(mϕ−wt) (iV dt+H1dr +H2dθ + iH3 sin θdϕ) . (4.7)
Here we shall only address the case with m = 1. The corresponding Proca equations are given in
Appendix B. These equations are solved with the following set of boundary conditions:
i) at infinity,
Hi|r=∞ = V |r=∞ = 0 ; (4.8)
ii) on the symmetry axis,
H1|θ=0,pi = ∂θH2
∣∣
θ=0,pi
= ∂θH3
∣∣
θ=0,pi
= V |θ=0,pi = 0 ; (4.9)
5The parameters b (here) and ct (in [45]) relate as b = −ct.
6We recall that in the scalar field case, the anstaz was Ψ = ei(mϕ−wt)R(r)S(θ) for the stationary scalar clouds [49, 52] and
Ψ = ei(mϕ−wt)φ(r, θ) for the fully non-linear solutions [1]. In this case the test field analysis admits separation of variables,
which does not occur for the Proca case.
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iii) at the event horizon (r = rH) the boundary conditions become simpler by introducing a new radial
coordinate x ≡√r2 − r2H , such that the horizon is located at x = 0. Then one imposes
H1|x=0 = ∂xH2|x=0 = ∂xH3|x=0 = 0 ,
(
V +
w
m
H3 sin θ
)
|x=0 = 0 . (4.10)
These boundary conditions are compatible with an approximate construction of the m = 1 solutions on the
boundary of the domain of integration. All such solutions we have constructed so far are symmetric w.r.t.
a reflection along the equatorial plane. This symmetry is imposed by taking
∂θH1|θ=pi/2 = H2
∣∣
θ=pi/2
= ∂θH3
∣∣
θ=pi/2
= ∂θV |θ=pi/2 = 0 . (4.11)
We remark, however, that odd-parity composite configurations are also likely to exist. Moreover, we observe
that for m > 1 the boundary conditions satisfied by some of the gauge potentials at θ = 0, pi are different.
We have solved the equations for Hi, V , with the above boundary conditions, for a fixed Kerr BH
background, by using the numerical approach described e.g. in [75] for non-linear stationary scalar clouds.
The input parameters are w,m for the Proca functions and rH , b for the geometry. Regularity of the Proca
fields at the horizon imposes the synchronization condition (see the discussions in [52,76])
w = mΩH , (4.12)
which precisely means the scalar clouds are modes at the threshold of the superradiant instability (unstable
modes obey w < mΩH). Observe that with (4.12), the last condition in (4.10) becomes
ξαAα
∣∣
rH
= 0 , (4.13)
where ξα∂α = ∂t+ΩH∂ϕ is the event horizon null generator.
7 Observe also that A is preserved by the action
of ξ: LξAα = 0. This is analogous to what occurs in the scalar case (LξΨ = 0), but it is in contrast to the
assumptions of Bekenstein’s theorem, where it is required that the components of the Proca potential are
invariant under ∂t and ∂ϕ separately, cf. (3.1).
For a fixed m (m = 1 for the case here), for a given w in some interval wmin < w < µ, one finds a
solution, i.e. the numerical iteration converges, for a single value of rH . Since ΩH is determined by (4.12),
the corresponding mass is determined by (4.6). In other words, the regularity of the bound state implies a
quantization condition of the background parameters; for each m, there is an existence line in a (M,ΩH)
diagram representation of Kerr BHs, corresponding to a 1-dimensional subspace of the 2-dimensional Kerr
parameter space. In Fig. 1 we exhibit the m = 1 existence line (blue dotted line), which forms one of the
boundaries of the domain of existence of KBHsPH. As we shall see in Section 6.2, this line is one of the
boundaries of the domain of existence of KBHsPH, which demonstrates that in the limit of small Proca field,
KBHsPH reduce to the Kerr solutions that can support stationary Proca clouds, and hence that they are
the non-linear realization of the clouds we have just discussed.
It is interesting to compare the location of the existence lines for the Proca and scalar case in the Kerr
(M,ΩH) diagram, Fig. 1. Comparing the m = 1 existence line for stationary Proca clouds with the m = ` = 1
existence line for stationary scalar clouds,8 one observes that the former has smaller values of ΩH for the
same mass. This means, in particular, that there are Kerr BHs that are superradiantly stable against all
m = 1 scalar perturbations but are superradiantly unstable against m = 1 Proca modes. A similar feature
has been observed comparing the existence lines for Maxwell and scalar stationary clouds in Kerr-AdS [77].
Finally let us remark that it was observed in [75] that including certain classes of self-interactions in the
scalar field model, stationary scalar clouds can exist in an open set of the (M,ΩH), rather than just a
1-dimensional line. It is likely a similar result applies to self-interacting Proca fields, in view of the results
in [78].
7Observe that for a massless vector field, i.e. a Maxwell field, ξαAα
∣∣
rH
corresponds to ΦH –the co-rotating electric potential
on the horizon, which is non-zero in a gauge where the gauge potential vanishes asymptotically [74].
8The stationary scalar clouds are labelled by 3 quantum numbers (`,m, n). The n = 0, ` = m = 1 line is the one with
smaller values of ΩH for fixed M for all possible values of `, n and m = 1 [52].
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Figure 1: Existence line for Proca stationary clouds with m = 1 (blue dotted line) and the comparable
existence line for scalar stationary clouds (with m = 1 = `, n = 0, cf. [52], black double dotted line), in an
ADM mass vs. frequency w/m = ΩH diagram of Kerr BHs. Both axes are shown in units of the scalar/Proca
field mass µ. The black solid line corresponds to extremal Kerr BHs and non-extremal solutions exist below
that line. Two red lines describing scalar boson stars (dotted) and Proca stars (solid) are also shown, that
will be described in the next section.
We close this section by commenting on the node number of these stationary Proca clouds. In the scalar
case, the number of nodes n of the radial function defining the scalar field profile, is n = 0 for fundamental
states and n ∈ N for excited states. This issue becomes more subtle for Proca clouds (and Proca stars), since
one has more than one potential component. Nevertheless, we remark that the all states we have obtained
so far have always (only) one node for the temporal component of the Proca potential V , and thus are likely
to represent the fundamental modes of the problem.9
5 Spinning Proca stars
The stationary Proca clouds described in the previous section form one of the central ingredients to under-
stand KBHsPH. They also form a part of the boundary of the domain of existence of these BHs, as we shall
see in the next section. The other central ingredient corresponds to Proca stars, which again will form a part
of the boundary of the domain of existence of KBHsPH. We shall now briefly review the relevant properties
of these solutions, recently found in [3], for understanding KBHsPH.
Proca stars can be either spherically symmetric and static or axially symmetric and stationary. The
former are found by taking the ansatz (3.6) for the line element and (3.7) for the Proca field. With this
ansatz, however, there are no BH solutions as shown in subsection 3.2. The latter are found by taking a
metric ansatz of the form (4.1), with rH = 0, with unspecified functions F0, F1, F2 and the Proca potential
ansatz (4.7), with unspecified functions V,H2, H3. The remaining two (unspecified) functions are replaced
as
W → W
r
, H1 → H1
r
. (5.1)
We find it preferable to work with the new W,H1 when dealing with stars, due to their boundary conditions
at the origin (rather than at a horizon). In the remaining of this section we shall always refer to these new
9The electric potential of the m = 0 spherically symmetric Proca stars necessarily possesses at least one node [3]. Although
the proof there cannot be generalized to the axially symmetric case, we could not find any numerical indication for the existence
of m ≥ 1 nodeless solutions.
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functions. Solving the corresponding field equations with the following boundary conditions:
i) at infinity, (4.8), together with
Fi
∣∣
r=∞ = W
∣∣
r=∞ = 0 , (5.2)
ii) on the symmetry axis, (4.9), together with
∂θFi
∣∣
θ=0,pi
= ∂θW
∣∣
θ=0,pi
= 0 (5.3)
iii) at the origin,
∂rFi
∣∣
r=0
= W
∣∣
r=0
= Hi|r=0 = V |r=0 = 0 . (5.4)
Then, one finds a countable number of families of rotating Proca stars, labelled by m ∈ Z, of which the cases
with m = 1, 2, 3 were discussed in [3]. Therein, it was also found that, as for the scalar rotating boson stars,
the ADM angular momentum and the Noether charge obey the simple relation
J = mQ . (5.5)
In Appendix C we give a detailed derivation and discussion of this relation, which is more subtle in the case
of Proca stars than for scalar boson stars. Thus, following [1], we define the normalized Noether charge, q,
as
q ≡ mQ
J
, (5.6)
which is obviously q = 1 for all Proca stars, but will be q ∈ [0, 1] for KBHsPH.
For m = 1, the case in which we focus here, the Proca star solutions appear to form a spiral in an ADM
mass, M , vs. Proca field frequency, w, diagram, starting from M = 0 for w = µ, in which limit the Proca
field becomes very diluted and the solution trivializes. At some intermediate frequency, a maximal ADM
mass is attained. For m = 1 this frequency is wmax/µ = 0.839 and the maximal mass is µMmax = 1.568, a
slightly larger value than for the corresponding scalar rotating boson star (for which µMmax = 1.315) [3].
In Fig. 1, we display the m = 1 Proca star and scalar boson star curves (red solid and dotted lines). Com-
paring them, we observe: (i) the slightly larger maximal mass for the Proca stars; (ii) that the backbending
of the inspiraling curve occurs, for Proca stars, for a larger value of the frequency parameter, and hence they
exist in a narrower frequency interval; (iii) that whereas for scalar boson stars with m = 1 it was possible to
obtain a third branch of solutions (after the second backbending) numerics become very difficult for Proca
stars already on the second branch;10 for example, the function F0 takes very large, negative values. Finally,
in complete analogy with the scalar boson star case, the Proca star line yields the second boundary of the
domain of existence of KBHsPH; the latter reduce to Proca stars when the horizon size vanishes, as will be
seen in the next section.
Although spinning Proca stars are quite similar to spinning scalar boson stars in many aspects, the energy
and angular momentum density of the former exhibit novel features with respect to the latter. Spinning
scalar boson stars for generic m > 1 are often described as an effective mass torus in general relativity [79],
since surfaces of constant energy density present a toroidal topology sufficiently close to the centre of the
star (see e.g. the plots in [2]). Spinning Proca stars, on the other hand, have a different structure for m = 1
and m > 1 as shown in Figs. 2–4 for illustrative cases (with w = 0.8 and along the first branch for all
examples). For m = 1 the Proca star’s energy density has a maximum at the origin and a second maximum
(smaller) at some radial distance, thus presenting a composite-like structure, cf. Fig. 2 (top left panel):
instead of being toroidal some constant energy surfaces are Saturn-like - Fig. 4 (left panel). The angular
momentum density, on the other hand, is zero at the origin and has two local positive maxima at some radii
and one local negative minimum between them – Fig. 2 (top right panel); in particular this means there
is a counter-rotating toroidal-like region. For m > 1 the Proca star’s energy density vanishes at the origin
and two local maxima arise at different radial values, cf. Fig. 3 (top left panel). Thus some constant energy
density surfaces are di-ring-like - Fig. 4 (right panel). The angular momentum density is similar to the
m = 1 case – Fig. 3 (top right panel).
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Figure 2: Radial variation of the energy density, cf. (6.7) (left panel), and angular momentum density,
cf. (6.8) (right panel), of the Proca field, for different constant θ sections of a spinning Proca star with
m = 1 (top panels) and a spinning scalar boson star with m = 1 (bottom panels). Both solutions have
w = 0.8 and are marked with a bullet in Fig. 1. The Proca star has µM = 1.526, µ2J = 1.575, while the
scalar boson star has µM = 1.308, µ2J = 1.372.
Finally, we discuss how ‘compact’ these Proca stars are. Proca stars, like their scalar cousins, have no
surface, i.e. the Proca field decays exponentially towards infinity. Thus, there is no unique definition of the
Proca star’s ‘radius’. To obtain an estimate we follow the discussion in [45, 80]. Using the ‘perimeteral’
radius, i.e., a radial coordinate R such that a circumference along the equatorial plane has perimeter ' 2piR,
we compute R99, the perimeteral radius containing 99% of the Proca star mass, M99. Then, we define the
inverse compactness by comparing R99 with the Schwarzschild radius associated to 99% of the Proca star’s
mass, RSchw = 2M99:
Compactness−1 ≡ R99
2M99
. (5.7)
The result for the inverse compactness of Proca stars with m = 1 is exhibited in Figure 5. With this measure,
the inverse compactness is always greater than unity; i.e., Proca stars are less compact than BHs, as one
would expect, but they are also less compact than comparable scalar boson stars.
10In the spherically symmetric case, the results in [3] show the existence of a very similar picture for both Proca stars and
scalar boson stars, with the occurance of secondary branches (together with the corresponding spiral in a (w,M)-diagram) also
in the former case.
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Figure 3: Same as in Fig. 2 but for m = 2. Both solutions have w = 0.8. The Proca star has µM = 2.319,
µ2J = 4.873 whereas the scalar boson star has µM = 2.016, µ2J = 4.272.
Figure 4: Left (right) panel: Saturn-like (di-ring-like) surfaces of constant energy density for the m = 1
(m = 2) Proca star exhibited in Fig. 2 (Fig. 3). The corresponding energy density is 0.011 (0.008). We
emphasize these are not embedding diagrams; rather we defined Cartesian coordinates regarding the r, θ, ϕ
coordinate system used here as standard spherical coordinates.
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Figure 5: Inverse compactness of Proca stars compared to that of the scalar boson stars with m = 1, defined
in (5.7). The inset shows a detail of the Proca stars curve.
6 Kerr BHs with Proca Hair
We are now finally ready to tackle KBHsPH. The parallelism with the scalar case for both the stationary
clouds and the solitonic limit is striking and one anticipates a high degree of similarity also at the level of
the hairy BH solutions.
The metric ansatz for constructing KBHsPH is the same as it was used for KBHsSH in [1], and is precisely
of the form (4.1) with (4.2), where now all four (unspecified) functions F0, F1, F2,W depend on (r, θ) and,
again, rH is a constant. If F2 is finite, then r = constant surfaces are timelike for r > rH and become null
for r = rH . Thus, r = rH is the location of the event horizon if the metric is regular therein.
For rH = 0, this ansatz reduces to the one discussed in the previous section for Proca stars, except for
the replacement (5.1). The line element form used for Proca stars is useful to tackle the behaviour at the
origin, whereas the one used for BHs is useful to tackle the behaviour on a rotating horizon wherein W
reduces to the horizon angular velocity, ΩH . Indeed, following null geodesic generators (ds
2 = 0) on the
horizon (r = rH), assuming F2 is finite therein, implies dϕ = W (rH)dt and thus W (rH) = ΩH , the angular
velocity as measured by the observer at infinity.
The Proca field ansatz is the same as for the stationary Proca clouds (and Proca stars up to the replace-
ment (5.1)), (4.7). This, again, introduces two parameters: w > 0, m ∈ Z. As for Proca stars we shall
focus here on m = 1, and take the sychronization condition (4.12) that we can rewrite in this context as (for
general m)
w
m
= W (rH) = ΩH . (6.1)
This condition was deduced in the context of a test field on the Kerr background and can be related to
the threshold of superradiance. But it also has a different origin. In Appendix B, we present the Einstein
tensor and the Proca energy-momentum tensor associated to the ansatz discussed in this section. A careful
inspection of the components of the energy-momentum tensor that have inverse powers of N ,11 and hence
may diverge at the horizon, shows that, taking into account (4.10), finiteness of the energy-momentum tensor
components presented at r = rH requires
w −mW (rH)
N(rH)
(6.2)
to be finite and hence it requires (6.1) (the same can be observed in the Einstein equations presented in [45]).
It is interesting to remark that this finiteness condition (6.1) is not necessarily related to superradiance, as
the higher dimensional examples in [76,85] illustrate.
11A similar analysis can be made at the level of the components in an orthonormal frame, with similar conclusions.
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The Einstein-Proca equations are solved with the following boundary conditions (which again we have
found to be compatible with an approximate construction of the solutions on the boundary of the domain
of integration):
i) at infinity, the same as for Proca stars, (4.8) and (5.2);
ii) on the symmetry axis, the same as for Proca stars, (4.9) and (5.3);
iii) at the horizon, using again the new radial coordinate x =
√
r2 − r2H , a power series expansion near
x = 0 implies (4.10), together with
∂xFi
∣∣
x=0
= 0 , W
∣∣
x=0
= ΩH . (6.3)
The Einstein-Proca equations for KBHsPH are quite involved (Appendix B). They are solved numerically,
subject to the above boundary conditions, by using the elliptic PDE solver fidisol/cadsol [81] based on a
finite differences method in conjunction with the Newton-Raphson procedure. A description of the method
for the case of KBHsSH can be found in [45]. The procedure in the case at hand is analogous.
6.1 Physical Quantities
In the following we shall describe some physical quantities that will be monitored from the numerical solutions
we have obtained. The ADM mass, M , and ADM angular momentum, J , are read off from the asymptotic
expansion of the appropriate metric components:
gtt = −1 + 2M
r
+ . . . , gϕt = −2J
r
sin2 θ + . . . . (6.4)
We also compute the horizon mass and angular momentum by using the appropriate Komar integrals asso-
ciated to the corresponding Killing vector fields k and m:
MH = − 1
8pi
∮
H
dSαβD
αkβ , JH =
1
16pi
∮
H
dSαβD
αmβ . (6.5)
Of course, M and J can also be computed as Komar integrals at infinity. Then, applying Gauss’s law, one
obtains a relation with MH and JH together with volume integrals on a spacelike surface with a boundary
at the (spatial section of the) horizon. By making use of the Killing identity and the Einstein equations one
obtains:
M = MH − 2
∫
Σ
dSα
(
Tαβ k
β − 1
2
Tkα
)
≡MH +M (P) (6.6)
This defines the energy stored in the Proca field (outside the horizon):
M (P) ≡ −
∫
Σ
drdθdϕ(2T tt − Tαα )
√−g . (6.7)
Proceeding similarly for the angular momentum one obtains:
J = JH + J
(P) , J (P) ≡
∫
Σ
drdθdϕT tϕ
√−g , (6.8)
which defines the angular momentum stored in the Proca field. At this point, an interesting distinction
arises, with respect to the scalar case. Whereas for KBHsSH the angular momentum stored in the scalar
field relates to the Noether charge in precisely the same way as for rotating scalar boson stars J (Ψ) = mQ,
for KBHsPH the relation between J (P) and the Noether charge (2.9) includes an extra boundary term (see
Appendix C and eq. (C.6))
J (P) = mQ+
∮
H
(AϕF¯rt + A¯ϕFrt)dSr , (6.9)
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which generalizes relation (5.5) to the case of hairy BHs. A similar relation can be written for M (P) (see
Appendix C and eq. (C.8))
M (P) = 2wQ− µ2U +
∮
H
[
1
2
(AβF¯rβ + A¯βFrβ)− (AtF¯rt + A¯tFrt)] dSr , (6.10)
with
U ≡
∫
Σ
drdθdϕAαA¯α
√−g . (6.11)
The horizon temperature and event horizon area of the KBHsPH solutions are computed by standard
relations, that specialize to:
TH =
1
4pirH
e(F0−F1)|r=rH , AH = 2pir2H
∫ pi
0
dθ sin θe(F1+F2)|r=rH . (6.12)
Then, the ADM quantities M,J are related with TH , S,Q,M
(P), where S = AH/4 is the horizon entropy,
through a Smarr formula
M = 2THS + 2ΩHJH +M
(P) . (6.13)
Also, the variation of M can be expressed by the first law:
dM = THdS + ΩHdJ . (6.14)
We note that by making use of the relations (6.9) and (6.10), the Smarr formula (6.13) can be written in a
Kerr-like form
M = 2THS + 2ΩHJ − µ2U , (6.15)
which renders explicit the fact that the solutions are supported by a nonzero mass term of the Proca field.
Finally, we observe that Proca stars satisfy a simple relation, which results again from (6.9), (6.10):12
M = 2wQ− µ2U = 2w
m
J − µ2U . (6.16)
6.2 The domain of existence and phase space
We have scanned the domain of existence of KBHsPH by varying rH for fixed w lines (or vice-versa), in
between the minimum frequency wmin/µ = 0.7453 and the maximal one w = µ. The result for the m = 1
family of KBHsPH is shown in Fig. 6 (left panel), together with the analogous family of KBHsSH (right
panel), the former obtained from over five thousand numerical points.
Based on the discussions of KBHsSH [1,45,58], and as already partly discussed, the domain of existence
of KBHsPH should be bounded by three lines: the Proca clouds existence line discussed in Section 4, the
Proca star line discussed in Section 5 and the line of extremal KBHsPH (i.e. zero temperature). So far,
the last of the three were only obtained by extrapolating to TH = 0 the non-extremal solutions, as our
attempts to construct the extremal KBHsPH solutions by directly solving the Einstein-Proca field equations
were unsuccessful (unlike the scalar case, as reported in [45]). For this reason we have chosen not to display
this line in Fig. 6, for the Proca case. Another technical difficulty arises in trying to connect the set of
(extrapolated) extremal solutions with the set of Proca stars. As for the case of KBHsSH, these two curves
are likely to meet in a critical point at the center of the Proca stars spiral; however, validation of this
hypothesis is a numerical challenge (also for KBHsSH).
Concerning numerical errors, the PDE solver we have used provides error estimates for each unknown
function, which allows judging the quality of the computed solution. The numerical error for the solutions
reported in this work is estimated to be typically < 10−3. As a further check of the numerical procedure, we
12One can similarly show that KBHsSH and scalar boson stars satisfy relations analogous to (6.15) and (6.16), respectively.
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Figure 6: ADM mass vs. frequency w diagram for m = 1 KBHsPH (left panel) and KBHsSH (right panel).
The red solid lines correspond to the solitonic limit (Proca stars and scalar boson stars, respectively, already
shown in Fig. 1). The blue dotted lines are the Kerr limit, also shown in Fig. 1. Kerr solutions exist
below the black solid line, which corresponds to extremal Kerr solutions. The hairy BHs exist in the blue
shaded region. Points I,III,IV,V, in each case, correspond to specific solutions for which the numerical data
is publicly available [82,83]. The right panel also shows the extremal hairy BHs (green dashed) line.
have verified that the families of solutions satisfy with a very good accuracy the first law of thermodynamics
and also the Smarr relation, typically at that same order. We have also monitored the violation of the gauge
condition together with the constraint Einstein equations; typically, these provide much lower estimates for
the numerical errors. As a comparative comment, the overall quality of the solutions is, however, not as high
for KBHsPH as for KBHsSH. Additionally, the source of the difficulties we have encountered in constructing
extremal and close to extremal solutions are absent in the scalar case. Typically, for the Proca case, the
solver stops to converge in the near extremal case, although the error estimates for the last solutions is still
small. It is likely that another metric parametrization is required to tackle this issue. We also remark that
there may be a more involved landscape of excited solutions in view of the four vector potentials.13
In Fig. 6 we have singled out four particular solutions for each case, denoted I,III,IV and V. The numerical
data for these four solutions, together with the data for a vacuum Kerr solution with the same ADM mass
and angular momentum as that of configuration III, for each case, has been made publicly available for
community use [82,83]. The corresponding parameters are detailed in Appendix D.
In Fig. 7 we exhibit the phase space, i.e. ADM mass vs. ADM angular momentum diagram for m = 1
solutions of KBHsPH (left panel) and as a comparison, the corresponding diagram for KBHsSH (right panel).
The two plots are quite similar and the features we wish to emphasize is that, as for the scalar case, one
observes violation of the Kerr bound (in terms of ADM quantities) and non-uniqueness, i.e there are both
hairy and vacuum Kerr BHs with the same ADM mass and angular momentum (cf. Appendix D).
The violation of the Kerr bound also occurs in terms of horizon quantities, as shown in Fig. 8 (right
panel). For these solutions the conjecture put forward in [84] concerning the horizon linear velocity vH , as
defined therein, holds: despite violating the Kerr bound both in terms of ADM and horizon quantities, vH
never exceeds the speed of light. We recall vH is defined as follows, for asymptotically flat, stationary and
axi-symmetric spacetimes. On a spatial section of the event horizon one computes the proper length of all
closed orbits of m. Let Lmax be the maximum of all such proper lengths; the corresponding circumferencial
radius, Rc, is Rc ≡ Lmax/(2pi). The horizon linear velocity is vH ≡ RcΩH [84].
13 In fact, we have observed that the solver frequently “jumps” to one of these excited configurations which is not too far in
the parameter space.
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Figure 7: ADM mass vs. ADM angular momentum diagram for m = 1 KBHsPH (left panel) and KBHsSH
(right panel), in units of the field mass. The black solid line corresponds to extremal Kerr solutions; non
extremal BHs exist above this line. The red solid line is for Proca (scalar boson) stars in the left (right)
panel. The blued dotted line is the existence line, denoting Kerr BHs that support Proca (scalar) clouds.
The blue shaded region is the domain of existence of KBHsPH (KBHsSH).
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Figure 8: Linear velocity of the horizon normalized to the speed of light, vH , versus: (left panel) the ADM
dimensionless spin parameter j ≡ Jc/GM2, where M,J are the ADM mass and angular momentum; (right
panel) the horizon dimensionless spin parameter jH ≡ JHc/GM2H , where MH , JH are the horizon mass and
angular momentum. Here we have reinstated c,G. The red solid line corresponds to vacuum Kerr and the
shaded area is filled by KBHsPH.
6.3 Energy distribution and horizon quantities
As for their scalar cousins, KBHsPH can be thought of as a bound state of a horizon with a Proca star. Thus,
the matter energy density distribution around the horizon will resemble that of (some) Proca stars. In Fig. 9
we exhibit the energy density and the angular momentum density as a function of the radial coordinate for
different angular sections for an example of KBHPH. As for the Proca stars, both the energy density and
the angular momentum density can have more than one maximum outside the horizon and the latter can
also have regions with a different sign. Thus, outside KBHsPH there are counter-rotating regions. In Fig. 10
a constant Proca energy density surface is exhbited in a 3D plot. The behaviour of the energy density and
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angular momentum density on the horizon is more clearly seen in Fig. 11.
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Figure 9: Radial variation of the energy density, cf. (6.7) (left panel), and angular momentum density,
cf. (6.8) (right panel), of the Proca field, for different constant θ sections of a KBHPH with m = 1,
w = 0.98µ, rH = 0.1, µM = 0.701 and µ
2J = 0.652.
Figure 10: One toroidal-like surface of constant energy density (corresponding to 0.00142) for the same
KBHPH displayed in Fig. 9. We also plot the spatial section of the event horizon in these coordinates
(half-sphere with the black cross section).
Finally, in Fig. 12 we exhibit the variation of the horizon area with the horizon temperature along
sequences of solutions with constant horizon angular velocity (or frequency). For both KBHsPH (left panel)
and KBHsSH (right panel) one can see three different types of behaviour, which are easy to interpret referring
back to Fig. 6. For large values of ΩH , the solutions interpolate between the Kerr existence line and the
corresponding (Proca or scalar boson) star line (for which TH → ∞). For intermediate values of ΩH , the
solutions interpolate between the extremal BHs line (for which TH → 0) and the corresponding star line.
Finally, for sufficiently small values of ΩH , the solutions interpolate between two stars, and thus start and
end for TH →∞.
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Figure 11: Energy density, cf. (6.7) (left panel), and angular momentum density, cf. (6.8) (right panel), of
the Proca field on the horizon for the same example of a KBHPH displayed in Fig. 9. The corresponding
values were multiplied by 104 for better visualization.
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Figure 12: Event horizon area vs. temperature for KBHsPH (left panel) and KBHsSH (right panel), in units
of µ, for different constant angular velocity sets of solutions.
7 Discussion
It has long been established that stationary, asymptotically flat BHs in Einstein’s gravity minimally coupled
to one or many real, Abelian Proca fields cannot have Proca hair. The basic theorem supporting this idea,
due to Bekenstein [12, 13], assumes, however, that the Proca field inherits the spacetime isometries. In this
paper we have shown that dropping this assumption Kerr BHs with Proca hair exist under two conditions:
i) The Proca field is complex, or equivalently there are two real Proca fields with the same mass. Solutions
in this paper can be, moreover, generalized to an arbitrary number of complex Proca fields (any even
number of real Proca fields), without mutual interactions, and all of them minimally coupled to gravity.
Here, however, we focus on a model with a single complex Proca field.
ii) The complex Proca field has a harmonic time dependence, as in the ansatz (4.7), with the frequency and
azimuthal harmonic index obeying the synchronization condition (4.12).
These two assumptions, together, allow the two real Proca fields to oscillate, with the same frequency but
opposite phases, hence cancelling out gravitational radiation emission (as well as Proca radiation emission).
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It remains as an open question if the same could be achieved with a single real Proca field, especially in view
of the result in [77], since such real Proca field already has two independent modes.
The existence of KBHsPH – to the best of our knowledge the first example of (fully non-linear) BHs
with (Abelian) vector hair – is anchored in the synchronization/superradiance zero mode condition (i.e. the
field should co-rotate with the black hole horizon). All previously constructed examples which employed this
mechanism have scalar hair, both in four spacetime dimensions [1,45,58,59] and in higher dimensions [76,85],
including the example in five dimensional asymptotically Anti-de-Sitter space found in [86]. This further
shows the generality of the mechanism and lends support to the conjecture in [1, 2].
We also remark that the Proca model considered here can be regarded as a proxy for more realistic models
with a gauged scalar field, where the gauge fields acquire a mass dynamically, via the Higgs mechanism. A
familiar example in this direction is the non-Abelian Proca model, whose solutions contain already all basic
properties of the Yang-Mills–Higgs sphalerons in the Standard Model [63]. As such, the results in this work
suggest that one should reconsider the no-hair theorem for the Abelian-Higgs model [88].
Several direct generalizations/applications of these solutions are possible. At the level of constructing
further solutions, we anticipate that (i) self-interacting Proca hair will lead to new solutions, which, if
the scalar field case is a good guide [58], can have a much larger ADM mass (but not horizon mass)
and (ii) hybrid solutions with scalar plus Proca hair are possible. At the level of possible astrophysics
phenomenology, it would be interesting to look in detail to the geodesic flow, in particular to the frequency
at the innermost stable circular orbit (ISCO), quadrupoles as well as to the lensing and shadows of these
new BHs, following [87] (see also the review [89]). Work in this direction is underway.
Finally, it is still a common place to find in the current literature statements that stationary BHs in
GR are described solely by mass, angular momentum and charge. We want to emphasize that the examples
of Kerr BHs with scalar and Proca hair show that this is not true as a generic statement for GR, even
if physical matter – i.e. obeying all energy conditions – is required. These examples show that Noether
charges, rather than charges associated to Gauss laws, are also permitted in non-pathological stationary,
asymptotically flat, BH solutions. The main outstanding questions is if in a real dynamical process these
Noether charges can survive.
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A Spheroidal prolate coordinates for Kerr
The new coordinate system for Kerr (4.1), with the functions (4.3), first introduced in [45], actually reduce
to spheroidal prolate coordinates in the Minkowski space limit, but with a non-standard radial coordinate.
To see this, we observe that, from (4.6), M = 0 occurs when rH = −2b. Then, from the expressions (4.3),
the metric (4.1) becomes
ds2 = −dt2 +
[
N(r) +
b2
r2
sin2 θ
] [
dr2
N(r)
+ r2dθ2
]
+N(r)r2 sin2 θdϕ2 , N(r) ≡ 1 + 2b
r
. (A.1)
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This can be converted to the standard Minkowski Cartesian quadratic form ds2 = −dt2 + dx2 + dy2 + dz2
by the spatial coordinate transformation x = r
√
N(r) sin θ cosϕ ,
y = r
√
N(r) sin θ sinϕ ,
z = (r + b) cos θ .
(A.2)
A surface with r =constant is, in Cartesian coordinates,
x2 + y2
r¯2
+
z2
r¯2 + b2
= 1 , (A.3)
where r¯ = r
√
N(r). This is a prolate spheroid. It is interesting that KBHsSH and KBHsPH seem to prefer
prolate spheroidal coordinates rather than the oblate spheroidal coordinates so well adapted to Kerr (in the
Boyer-Lindquist form).
B Einstein-Proca equations of motion
Here we provide explicit expressions for the equations of motion solved by KBHsPH. The components of the
Einstein tensor for the ansatz (4.1) are:
4r2e2F1Gtt = 4N
[
r2(F1,rr + F2
2
,r + F2,rr) + r(F1,r + 3F2,r) + 1
]
+ 2rN ′
(
rF1,r + rF2,r + 2
)
+ 4F1,θθ
+4F2
2
,θ + 4F2,θθ + 8 cot θF2,θ − 4 + r4 sin2 θe2(F2−F0)
{
2WW,r
r
(−rF0,r + 3rF2,r + 4) +W 2,r + 2WW,rr
+
2W
[
W,θ
(−F0,θ + 3F2,θ + 3 cot θ)+W,θθ]+W 2,θ
r2N
}
, (B.1)
2Ne2(F0+F1−F2)
sin2 θ
Gtφ = W,θ
[
F0,θ − 3
(
F2,θ + cot θ
)]− {rN [W,r (−rF0,r + 3rF2,r + 4)+ rW,rr]+W,θθ} ,
(B.2)
e2F1
N
Grr =
(F0,θ + cot θ)(F0,θ − F1,θ + F2,θ) + F2,θ(F2,θ − F1,θ) + F0,θθ + F2,θθ − 1 + [Nr]′
r2N
+ F1,rF2,r
+
2F0,r + F1,r + F2,r
r
(1 + r) +
e2(F2−F0) sin2 θ(r2W 2,rN −W 2,θ)
4N2
+
N ′(F1,r + F2,r)
2N
, (B.3)
e2F1r2Grθ = cot θ(F1,r − F2,r)− F0,rθ − F2,rθ +
F0,θ + F1,θ
r
+
r2 sin2 θW,θW,re
2(F2−F0) −N ′(F0,θ − F1,θ)
2N
+F0,r(F1,θ − F0,θ) + F1,r(F0,θ + F2,θ) + F2,r(F1,θ − F2,θ), (B.4)
e2F1r2Gθθ = r
2N
[
F0,r(F0,r − F1,r + F2,r) + F0,rr + F2,rr + F22,r − F1,rF2,r
]
+ F0,θ(F1,θ + F2,θ) + F1,θ F2,θ
+ cot θ(F0,θ + F1,θ) +
r2 sin2 θe2(F2−F0)
(
W 2,θ −Nr2W 2,r
)
4N
+ r2N ′
(
3
2
F0,r −
1
2
F1,r + F2,r +
1
r
)
+
1
2
r2 N ′′
+rN(F0,r − F1,r + 2F2,r), (B.5)
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4r2e2F1Gφφ = 2rN
′ (3rF0,r + rF1,r + 2)+ 4(F02,θ + 4F0,θθ + F1,θθ) + 2r2N ′′
+4rN
[
r
(
F0,rr + F1,rr
)
+ rF0
2
,r + F0,r + F1,r
]
+ r4 sin2 θe2(F2−F0)
{
WW,r
(
2F0,r − 6F2,r −
8
r
)
− 3W 2,r
−2WW,rr −
{
2W
[
W,θ
(−F0,θ + 3F2,θ + 3 cot θ)+W,θθ]+ 3W 2,θ}
Nr2
 . (B.6)
The components of the Proca energy-momentum tensor (2.7), for the ansatz (4.7) and the geometry (4.1)
are also involved because of the four extra functions in the Proca ansatz, and the three new parameters
m,w, µ; but they can still be presented in a fairly compact form:
2e2F0+2F1+2F2Ttt = e
2F2
[
W 2(mH1 − sin θH3,r)2 − (wH1 + V,r)2
]
−Ne
2(F0−F1)
r2
{
e2F1
[
µ2r2H1
2e2F2 + (m csc θH1 −H3,r)2
]
+ e2F2
(
H1,θ −H2,r
)2}
−e
2F0
r4
[
µ2r2(H3
2e2F1 +H2
2e2F2) + (H3,θ + cot θH3 −mH2 csc θ)2
]
+
e2(F1+F2)µ2r2
(
H3
2W 2 sin2 θ − V 2)− e2F1 (m csc θV + wH3)2 + e2F2 {W 2[(H3 sin θ),θ −mH2]2 − [V,θ + wH2]2}
r2N
,
(B.7)
e2F0+2F1Ttφ =
[mH2 − (sin θH3),θ][V,θ +W (H3 sin θ),θ +H2(w −mW )]− µ2r2 sin θH3e2F1 [V +WH3 sin θ]
r2N
− (mH1 − sin θH3,r) [H1(mW − w)− sin θH3,rW − V,r] , (B.8)
2r4e2(F0+F1+F2)Trr = r
2Ne2F0
[
e2F2H1
2µ2r2 +
(
mH1 csc θ −H3,r
)2
+ e2(F2−F1)(H1,θ −H2,r)2
]
−µ2r2e2F0(H32e2F1 +H22e2F2)− e2F0 csc θ [(sin θH3),θ −mH2]2
−r4e2F2 [H1(w −mW ) + sin θH3,rW + V,r]2 + r2N {e2F1(m csc θV +H3w)2 + µ2r2e2(F1+F2)[V +H3W sin θ]2
+e2F2 [V,θ + (sin θH3),θW +H2(w −mW )]2
}
, (B.9)
r2e2F1Trθ =
csc2 θe−2F2
r2
(
mH1 − sin θH3,r
)
[mH2 − (sin θH3),θ] + µ2H1H2
+
e−2F0
N
{
[(w −mW )H1 + V,r +WH3,r sin θ] [(w −mW )H2 + V,θ +W (sin θH3),θ]
}
, (B.10)
2r4e2(F0+F1+F2)Tθθ = −r2Ne2F0
[
e2F2H1
2µ2r2 + (m csc θH1 −H3,r)2 − e2(F2−F1)(H1,θ −H2,r)2
]
−µ2r2e2F0(H32e2F1 −H22eF2) + e2F0
(
cot θH3 −mH2 csc θ +H3,θ
)2
+r4e2F2
[
H1(w −mW ) + sin θH3,rW + V,r
]2
+
r2
N
{
e2F1(m csc θV +H3w)
2 + µ2r2e2(F1+F2)[V +H3W sin θ]
2
−e2F2 [V,θ + (sin θH3),θW +H2(w −mW )]2
}
, (B.11)
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2e2F0+2F1+2F2Tφφ = e
2F2
[−W 2(mH1 − sin θH3,r)2 + (wH1 + V,r)2]
−Ne
2F0
r2
{[
µ2r2H1
2e2F2 − (m csc θH1 −H3,r)2
]
+ e2(F2−F1)
(
H1,θ −H2,r
)2}
+
e2F0
r4
[
µ2r2(H3
2e2F1 −H22e2F2) + (H3,θ + cot θH3 −mH2 csc θ)2
]
+
−e2(F1+F2)µ2r2 (H32W 2 sin2 θ − V 2)− e2F1 (m csc θV + wH3)2 − e2F2 {W 2[(H3 sin θ),θ −mH2]2 − [V,θ + wH2]2}
r2N
.
(B.12)
The four Proca potentials satisfy the equations14:
(r2N ′ − 2rN)W (mH1 − sin θH3,r)− r2wN ′H1 +
e2(F1−F0)
N
V
[
r2(w −mW )2 −Ne2F0 (µ2r2 +m2 csc2 θe−2F2)]
+[2(sin θH3),θW + V,θ − 2mWH2)](−F0,θ + F2,θ + cot θ)−H2
[
2wF0,θ +mW,θ
]
+ (sin θH3),θW,θ + V,θθ
+rN
{
[2W (mH1 − sin θH3,r)− V,r]
(
rF0,r − rF2,r
)− rH1 (2wF0,r +mW,r)+ r sin θH3,rW,r + 2V,r + rV,rr}
+r2 sin2 θe2(F2−F0)W
{
W,θ
[H2(w −mW ) + (sin θH3),θW + V,θ]
N
+ r2W,r[H1(w −mW ) + sin θH3,rW + V,r]
}
= 0,
(B.13)
r3[H1N ]
′′ + r2[H1N ]′
(
rF0,r − 2rF1,r + rF2,r + 2
)− rNH1 [2rF1,r (rF0,r + rF2,r + 2)− r2(F0,rr + F2,rr) + 2]
+[rH1,θ − 2H2
(
rF1,r + 1
)
](F0,θ + F2,θ + cot θ) + rH2(F0,rθ + F2,rθ)− rH1e2F1
(
µ2r2 + e−2F2m2 csc2 θ
)
−2(rF1,r + 1)H2,θ + 2rF1,θ(H2,r −H1,θ) + rH1,θθ + 2m csc θe2(F1−F2)H3(rF2,r + 1)
+
r3e2(F1−F0)
N
{(
2F0,r +
N ′
N
)
(w −mW )(V + sin θH3W ) +W,r[sin θH3(Wm− w) +m(V + sin θH3W )]
}
= 0,
(B.14)
r2[NH2,r]
′ − 2r2F1,θ[NH1]′ +H2,θθ +H2,θ
(
F0,θ − 2F1,θ + F2,θ + cot θ
)
+ 2m csc θe2(F1−F2)H3
(
F2,θ + cot θ
)
+r2NH2,r
[
F0,r − 2F1,r + F2,r
]− rNH1 [2F1,θ (rF0,r + rF2,r + 2)− r (F0,rθ + F2,rθ)]+ 2rN (rF1,r + 1)H1,θ
−H2
[
2F1,θ
(
F0,θ + F2,θ + cot θ
)− F0,θθ + µ2r2e2F1 +m2 csc2 θe2(F1−F2) − F2,θθ + csc2 θ]
+
r2e2(F1−F0)
N
{
H2(w −mW )2 + 2F0,θ(w −mW )(V + sin θH3W ) +W,θ[sin θH3(Wm− w) +m(V + sin θH3W )]
}
= 0,
(B.15)
r2[NH3,r]
′ +H3,θθ +H3
[
cot θ(F0,θ − F2,θ)− µ2r2e2F1 −m2 csc2 θe2(F1−F2) − csc2 θ
]
+H3,θ
(
F0,θ − F2,θ + cot θ
)
+ sin θr4e2(F2−F0)W,r[H1(mW − w)− (sin θH3,rW + V,r)] + 2m csc θ[H2
(
F2,θ + cot θ
)
+ rN
(
rF2,r + 1
)
H1]
+r2NH3,r
(
F0,r − F2,r
)
+
r2e−2F0
N
{
H3e
2F1 (mW − w)2 − e2F2 sin θW,θ[H2(w −mW ) + (sin θH3),θW + V,θ]
}
= 0.
(B.16)
14In deriving this form, we have used the Proca field equations (2.4) together with the Lorentz condition (2.5).
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For completeness, we also exhibit the gauge condition (2.5), which reads:
e−2F1
{
r2NH1(F0,r + F2,r) + (F0,θ + F2,θ)H2 + [r
2HH1]
′ +H2,θ + cot θH2
}
+
r2e−2F0
N
(sin θH3W + V )(mW − w)−m csc θe−2F2H3 = 0 . (B.17)
C Angular momentum – Noether charge relation and a simplified
Smarr formula
As discussed in the main text, the relation J = mQ [equation (5.5)] holds for Proca stars, in analogy with
the case of scalar boson stars. In contrast with the latter, however, the angular momentum density and
Noether charge density are not proportional; the proportionality only holds at the level of the integrated
quantities, but with the further subtlety of a possible boundary term if a horizon is present. This is an
interesting distinction between the two types of stars (and hairy BHs) which could not be anticipated.
To prove the relation (5.5), one starts with the expression of the angular momentum density:
T tϕ =
1
2
[FαϕF¯αt + F¯αϕFαt + µ2(AϕA¯t + A¯ϕAt)] , (C.1)
where one introduces the expressions
Fαϕ = ∂αAϕ − imAα , F¯αϕ = ∂αA¯ϕ + imA¯α . (C.2)
Thus
T tϕ =
1
2
{
1√−g ∂α
[
(AϕF¯αt + A¯ϕFαt)
√−g]− im(AαF¯αt − A¯αFαt)
− 1√−g
[Aϕ∂α(F¯αt√−g) + A¯ϕ∂α(Fαt√−g)]+ µ2(AϕA¯t + A¯ϕAt)} . (C.3)
The above expression can be simplified by using the Proca equations (2.4). Then the second line is identically
zero and one arrives at the expression [with jt defined in (2.8)]
T tϕ = mj
t +∇αPα , (C.4)
with
Pα = AϕF¯αt + A¯ϕFαt . (C.5)
Thus, the angular momentum density and Noether charge density (multiplied by the azimuthal harmonic
index m) differ by a total divergence. We have checked that ∇αPα is locally nonzero, as illustrated in
Fig. 13.
For BHs, on the other hand, there is also a horizon contribution which, in general is non-zero:
J (P) = mQ+
∮
H
P rdSr . (C.6)
This result contrasts with that for the scalar boson star case, wherein T tϕ = mj
t. The total angular
momentum and Noether charge, however, are equal in both cases, for stars. This follows from integrating
(C.4) over a spacelike surface and using the Gauss’s theorem:∫
T tϕ
√−gd3x = m
∫
jt
√−gd3x+
∮
∞
P rdSr . (C.7)
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Figure 13: Radial variation of the Noether charge density, cf. (2.8), for different constant θ sections of the
Proca stars exhibited in Fig. 2 (left panel) and Fig. 3 (right panel). One can clearly observe the differences
with the angular momentum density.
Since the Proca field decays exponentially, the contribution from the P r term is zero and one arrives at (5.5).
By using a similar approach, one can easily prove the following identity, where use again the Proca
equations (2.4) together with the expressions Fαt = ∂αAt + iwAt, F¯αt = ∂αA¯t − iwA¯t:
Tαα − 2T tt = 2wjt − µ2AαA¯α +∇αUα, (C.8)
with
Uα =
1
2
(AβF¯αβ + A¯βFαβ)− (AtF¯αt + A¯tFαt) . (C.9)
For Proca stars, the integration of the relation (C.8) over a spacelike surface implies the Smarr formula
(6.16). Here we use again the fact that the Proca field decays exponentially, while the contribution from Ur
at r = 0 vanishes.
For BHs, however, Ur gives a nontrivial horizon contribution. Then, a combination of (C.4) and (C.8)
leads to the simple relation
Tαα − 2T tt − 2ΩHT tϕ = 2(w − ΩHm)jt − µ2AαA¯α
+
1√−g ∂α
[(
1
2
(AβF¯αβ + A¯βFαβ)− ((At + ΩHAϕ)F¯αt + (A¯t + ΩHA¯ϕ)Fαt))√−g] . (C.10)
The integration of this identity leads to the simplified Smarr formula (6.15). Here one uses also the synchro-
nization condition (4.12), together with the boundary conditions (4.10).
D Numerical data made available
The following tables detail the information about the four solutions singled out in Fig. 6, for each case (Proca
and scalar), plus a vacuum Kerr solution that possesses the same ADM mass and angular momentum as
configuration III. The numerical data, together with an explanation of its format, is given in [82] for the
Proca case and in [83] for the scalar case.
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Left panel Fig. 6 w/µ rH/µ µMADM µ
2JADM µMH µ
2JH µM
(P) µ2J (P)
I - Proca star 0.9 0 1.456 1.45 0 0 1.456 1.45
II - Vacuum Kerr 1.0432 0.1945 0.365 0.128 0.365 0.128 0 0
III - KBHPH 0.9775 0.2475 0.365 0.128 0.354 0.117 0.011 0.011
IV - KBHPH 0.863 0.09 0.915 0.732 0.164 0.070 0.751 0.662
V - KBHPH 0.79 0.06 1.173 1.079 0.035 0.006 1.138 1.073
Table I - Configurations in data publicly available for the Proca case [82].
Left panel Fig. 6 w/µ rH/µ µMADM µ
2JADM µMH µ
2JH µM
(Ψ) µ2J (Ψ)
I - Scalar boson star 0.85 0 1.25 1.30 0 0 1.25 1.30
II - Vacuum Kerr 1.1112 0.0663 0.415 0.172 0.415 0.172 0 0
III - KBHSH 0.975 0.2 0.415 0.172 0.393 0.150 0.022 0.022
IV - KBHSH 0.82 0.1 0.933 0.739 0.234 0.114 0.699 0.625
V - KBHSH 0.68 0.04 0.975 0.850 0.018 0.002 0.957 0.848
Table II - Configurations in data publicly available for the scalar case [83].
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